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LETTER TO THE EDITOR

On specification of a class of infinite Jacobi matrices
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Department of Physics, Faculty of Science, Saitama University Urawa, Saitama, 338, Japan
Received 22 October 1991

Abstract. A certain inverse problem concerning the specification of a class of infinite Jacobi
matrices in terms of their eigenvalues and eigenfunctions is formulated and solved.

Let L be an infinite Jacobi matrix defined by

(L)1 = (LYisr = a(0) (k=1,2,..)) (1a)

(L);x=0 (otherwise) (1b)
where {a,(0)>0; k=1,2, ...} satisfies

a,(0)-=0 (k- c0). (2)

The condition (2) is equivalent to the one that L stands for a compact {=completely
continuous) Hermitian operator on the Hilbert space I, [2].

It is known that the eigenvalues of a non-zero compact Hermitian operator on the
infinite dimensional separable Hilbert space # are real, bounded and countably many,
with the only possible accumulation point zero. The multiplicity of each non-zero
cigenvalue is finite, and the eigenvectors form a complete orthogonal system in ¥
[2, 3,6]). In particular, all the eigenvalues of the compact Hermitian operator L are
simple. They are infinitely many and appear in positive and negative pairs, and zero
is their only accumulation point [8].

Taking account of this, we label the eigenvalues of L as {A.,; k=1,2,...}, where

AL <A<, . <0<, <A< Ay (3)

A =—A (k=1,2,..)) (4a)
and

A=10 (if zero is an eigenvalue). (4b)

We denote by ¥ the set of suffixes of the eigenvalues, i.e.
J={x1,£2,..} if zero is not an eigenvalue (5a)
J={=x1,+£2,...,0} if zero is an eigenvalue. (5b)
The normalized eigenvector (el;) corresponding to the eigenvalue A, is denoted

by ‘f’(/\k) = (wl()tk)s ¢2(A~k)’ .. ')! 50 that

1/2
lwai=| 5 w,(w] 1 (ked). ®

= <00
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From the completeness relation of {¥(A,); k € 3}, it follows that [8]

Z g (M =1 (7)
where

¥(Ai) #0 (ke) (8)
and

[ga(A* = [9a(=Ae)? (keS). (9)

In terms of these eigenvalues and eigenvectors, {a,(0}; k=1,2,.. }canbe expressed

as ([8])

4,(0)* = P.3(0) Ps1(0)/ P, (0) P (0) (k=1,2,..) (10)
where {P,(0); k=-1,0,1,...} is defined by

Py _,(0) = det{( par—1) s} (jk=1,2,...,51=1,2,..) {1ta)

Py (0) =det{( par) ; i} (ok=1,2,...,51=1,2,..) (114)

By(0)=P_,(0)=1 (11¢)
with

(P21-1)jk = Vi (hk=1,2,..) (12a)

(pZI)j,kE Yivk—1 (hk=1,2,..} (12b)

”*g,i%, AN (AP (k=0,1,2,...: p,=1). (13)

Now, the inverse problem of relevance is formulated as follows.

Let {A.; ke 3} (§ stands for either (5a) or (5b)) be an infinite sequence of real
numbers that satisfies (3) and (4) with circumflexes, and converges to zero. And let
{yx; ke &) be an infinite sequence of positive numbers satisfying

Ve = Y-k (k(#0) e F) (14)
and

k%ﬁ Y =1. {15)

In terms of {A,; ke 3} and {y: ke &), we define {a,(0)>0; k=1,2,...} by

(0 = P_2(0) P41 (0)/ P, (0) P (0) (k=1,2,...) (16)
where {B,(0); k=—1,0,1,...} is defined by

£y, (0 = det{( far—r) 1a} G ok=1,2,...,5i=1,2,..) {(i7a)

By1(0) = det{( o) 14} Gok=1,2,....51=1,2,..) (17b)

By(0)=P_,(0)=1 (17¢)
with

(Par—1) ik 2= Viakea (Jk=1,2,...) (18a)

(ﬁzr)j,kE l7j+k—| (k=12,..1} (18b)

5 = ):ﬁ,'\f“y, (k=0,1,2,...; 5=1). (19)
Tel
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We then enquire (i) whether the infinite Jacobi matrix L defined in terms of these
@ (0ys (k=1,2,...) by (1) stands for a compact Hermitian operator on the Hiibert
space I, i.e. whether it satisfies the condition (2). And if this condition is satisfied, we
further ask (ii) whether the prescribed {A.; ke &} and {y:; ke 3} coincide with the
eigenvalues and {|¢,(A.)|%; k € 3} of L, respectively, i.e whether the following equalities
hold:

§=3 (20)
Ke=A, (ke3(=3)) (21)
w=lh)?  (keS(=3)). (22)

Remark 1. The {P,(0); k=—1,0,1,...} and {B.(0); k=-1,0,1,...} defined by {11)
and (17), respectively, necessarily become all positive {cf [8]).

The inverse problem formulated here becomes relevant when one treats the semi-
infinite system of nonlinear differential equations

di (1) = ax{t e (1Y — @i ()] (k=1,2,...; au(t)=0). {23)

For those initial values {a,(0)>0; k=1, 2, ...}’s which satisfy the boundary condi-
tion (2), an explicit expression of the general solution of (23) has been obtained [8].
Since this solution is expressed by means of {A,; ke 3} and {|y(A)]% k€3, and
since it is practically impossible to know {A,; ke I} and {|¢,(A)%; k€ 3} by solving
the eigenvalue problem associated with the initial Jacobi matrix L, one is obliged to
specify a priori those {A,; ke 3} and {|¢(A)|%: ke 3} as the initial value. Such
circumstances naturally lead to the above questions.

A similar situation arises when one treats (23} (a,(#)>0; k=1, 2,...) under the
boundary condition

ax(1)>1/2 (k> 0) (24)

by an inverse scattering method [3]. In this case, in addition to {A, ; k € 3} and {|¢,(A)|%;
ke 3}, it is necessary to take the phase shift into account. And an inverse problem
similar to that formulated above also stems from tbis

NIy |a+ g ranall that tha infinita Tarnanhi atrs I Aofinad lhyr (1) gtnnde Far an
ANMUIYY, LWL WD LWWddll LAl MW 1HLULUHLY JaWUU I.l.lﬂl-ll.A A WWwiiLIWAUE U LL)F OuGlluy 1Vl all
operator of Hilbert-Schmidt class on [, iff it satisfies
2 2
Y (Lyult=2 Z a,(0)" <o, (25)
1%, k<0 1=k <o
This condition is stronger than (2}, and is equivalent to [2, 5]
Y Al<oo, (26)

kel

Corresponding to this, we have the restricted inverse problem which replaces, in the
above formulation of the problem, the condition

A0 (k> 0} (27)

by

. F‘r)'tii<co. (28)

Concerning this restricted problem, we maintain the following:
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Proposition. The restricted inverse problem can be solved affirmatively, and L becomes
an operator of Hilbert-Schmidt class, i.e. {a(0); k=1, 2,...} satisfies (25).

Proof. (i) We notice that {a,(0); k=1, 2, ...} defined by (16) is alternatively expressed
as (cf [8])

,(0)*= (/DU PO/ P0)) = Py (0 Py (0] (k=1,2,..) (29)
with
Po_i(1) = {km;“’kf} R (O)R,(0)... R, (0)A(RE, X2, ..., A2 )

xexp{2(A; + A, +. .. +AL)n (30a)
Pty = - R, (R (0) ... R (0)A(RE,, XL, ... AR

xI2R2 ... A2 exp{2(RL +1% +.. . +12)1) (30B)
P(t)=P_,()=1 (=00 < t < +0) (30¢)
Byra(t) = LI 2R +XL+. . AR R (0K (0) ... R (0)

X AGRZ, K2 .. K2 ) exp{2(R2,+42+.. . +A2)1} (31a)
Puy= T 205 +RL+. ARLPR(OR(0)... R (0)

{hy, kg, .o Kyl
T2 T2 T232%72 72 T2
X A(Adps Ay - -2 Al Al ATy - -+ A,

X exp{2(A% + A% +...+1}) (31b)

where 2 o, .., s denotes s_umma_tion over all gombinations (ki ko, ... K} (ke3)
(i=1,2,..., D), Ru(0)/Z 5 Ri(0)(R.(0)>0; ke ) and A(A], AL, ..., %) are defined
by

R.(0) / % R{(0) =y, (ked) (32)
le

and

AL KL, WA= T (G -RD) (33)
1=i<j=l
respectively, and the positive term series (30) and (31) converge uniformly in wider
sense on —o0 < f < + 00,
From (30) and (31), it follows that

Py (0 Pou (D) < 2R3+ A2+, +1D) (1=1,2,...) (34a)

Pty Po() <2(R2+12+.. 41D (1=1,2,..) (34b)
50 that

9’5,:(:)/9’,‘(:)<r§ﬁ 7} <o0) (k=-1,0,1,...). (35)

Hence {a,(1)>0; k=1,2,...} defined by
(1= (1/2)(Pe()] B () = (Prmr(1)] Beer(1))] (k=1,2,...) (36)



Letter to the Editor L407

satisfies
L alP=lim 3 (/200 Pl = Ber) Fer()]

=(1/2) lim [#.(1)/ (1]
< :E& A
<0 (—o<t<0). (37)
In particular, {a,(0}>0; k=1, 2,...} satisfies (25).
(ii) The {a.(t)>0; k=1,2,...} defined by (36) becomes a solution of (23) (cf [8])
with the prescribed initial value (16} or (29). On account of (37), this solution belongs
N I;n terms of {#,(1); k=-1,0,1,...} and arbitrarily specified x,{0} (eR), we further
define {x; (1); k=1,2,...} by
2(1)=%,(0) + In[B1(0) P _o(1)/ 4 Po(1)] (k=1,2,...) (38)
which becomes a solution of (cf [7])
5(1) = (21/2)explan (1) = 5 )+ exple(t) = ()]
(k=1,2,...; xq(t)=—c0).
The {a,(t); k=1,2,...} and {x.(t}; k=1, 2,...} thus defined are mutually related
by
a, (1) = (1/2) exp[{x.() — x,41(1)}/2] (k=1,2,...). (40)

It follows from (38) and the known results on the system (39) [7] that the asymptotic
time behaviours x,._,(t-»+®) (I=1,2,...) and x;(t—- —o0) are given, one the one
hand, by

Xpoa(t>+0)~ =211+ x,(0) — In[4" ]~ T In[(A7-13)%]

1=k<i—1
(i1=1,2,..) (41)
x,(t-»'—oo)={"‘(°)_'“[""°] if Ao(=0) € § (42a)

+00 if Ao(=0) 2 & (42b)
and on the other, by '
Xpp-1(t>+00) ~ =247+ x,(0) = In[4* g (ADP1= T n[(A7—A%)°]

1

wkel-1
(I=1,2,..) (43)
N %, (0)=1n[[¢{A)] if Ao(=0) €3 (44a)
xlf ’°°)"{+oo if An(=0)£ 3. (44b)

It can be shown that the initial value problem of the semi-infinite system of nonlinear
differential equations (23) has a unique solution in I, on —00 <t <0 [9]. Taking account
of this and

xl(’)=x1(0)_2j a;(s)* ds (45)

o
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which follows from (39), we recognize that the initial value problem of (39) has also
a unique solution in the space & defined by

G ={(xi(1), x;(0), .. ); w1} CTR)(k=1,2,...), (a,(1), ax(1),.. ) e )}

where C”(R) denotes the set of C*-functions on R to R, and a, (¢t} (k=1,2,...) is
given by (40).

Since the two solutions of (39), one of which is given by (38) and the other by
(2.4) of [7], for the same initial value (x,(0), x,(0}, ...) such that (a,(0), a;(0), .. ) e b,
both belong to &, they are the same. So the asymptotic time behaviours of the former,
given by (41) and (42), and those of the latter, given by (43) and (44), must coincide
with each other. Hence (20)-(22) follows. O

Remark 2. Of two possible cases (5a) and (5b) of distribution of the eigenvalues of
L, it is (5a) that was treated in [7]. The derivation of the asymptotic time behaviours
(42a) and (44a) in the case (5b) goes similarly as in (5a).

Remark 3. From the viewpoint of the classical moment problem [1], the statement of
the proposition concerning the problem (i} can be described alternatively as follows:

Let {7, eR; k=0,1,2,...} (# =1) be an infinite sequence of numbers such that { B, (0});

=-1,0,1,...} deﬁned in terms of these #,’s by (17} are all posmve Then a necessary
and sufﬁcnent condmon in order that #, may stand for the 2kth moment (k=0,1,2,...)
of a normalized ( _[ dp(A) =1) sectionally constant non-decreasing function p(/\) w1th
jumps vy, only at z\ X (IGS) where S {X;;1e 3} and {'y,>0 IES} satisfy (5), (3),
(4), (28), and (14), (15) with 01rcumﬂexes respectively, i.e. 7, (k=0,1,2,...) may be
expressed as (19), is that {a,(0)*; k=1,2,...} defined in terms of the above {P.(0);

=-1,0,1,...} by the same expression as (16) satisfies (25). O

We have formulated a certain inverse problem concerning the specification of a
class of infinite Jacobi matrices, and solved it in the restricted case. We hope to extend
the result to the unrestricted case, and aiso to those Jacobi matrices which have non-zero
diagonal elements.
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